The analytic mean-field approach (AMFP) was applied to study the thermodynamic properties of Zirconium (Zr). The analytic expressions for the Helmholtz free energy, internal energy and equation of state have been derived. The formalism for the case of the Morse potential is used in this work. The four potential parameters are determined by fitting the molar volume of the three phases of Zr. The calculated molar volume of α, β and ω Zr are in fairly good agreement with the available experimental data. The results presented in this paper verify that the AMFP is a useful approach to study the thermodynamic properties of Zr. Furthermore, we predict the variation of the relationship of free energy and internal energy versus the molar volume at various temperatures and the dependence of the bulk modulus, the thermal expansion coefficient and the heat capacity on temperature at zero pressure of α, β and ω Zr.
Introduction
Zirconium is widely used for nuclear and chemical applications owing to its low neutron absorption cross section and its exceptional resistance to corrosion. It is found in more than 30 recognized mineral species and its chemical compounds, such as oxides and phosphates are often used in refractory applications for their resistance to thermal shock and their extremely low thermal conductivity. The thermodynamic properties of zirconium have been the subject of many experimental [1] [2] [3] [4] [5] [6] [7] and theoretical [8] [9] [10] [11] [12] studies. They are very important for a better understanding of its crystal, chemical, and physical properties and to the development of theoretical modeling in computational physics [9, 13, 14] . At room temperature and ambient pressure, Zirconium metal is a hexagonal close-packed (hcp) structure (the α phase). When the temperature is raised, at zero pressure, Zr transforms martensitically into the body-centered cubic (bcc) structure (the β phase) at 1136 K, and then eventually melts out of the bcc phase. With increasing pressure, a martensitic phase transformation into the omega structure (ω phase) is observed between 3.3 and 6.7 GPa [15] . At even higher pressures, [30] [31] [32] [33] [34] [35] GPa, Zr exhibits a martensitic transformation into the bcc structure [1] [2] [3] [4] . In this paper, we present the results of thermodynamic properties of Zr by using the analytic mean field potential (AMFP) approach [16] [17] [18] [19] . Several years ago, Wang et al. proposed the AMFP approach, and applied it to many materials. Bhatt et al. [20, 21] further applied the AMFP to lead and alkali metals, and concluded that in comparison with other theoretical models the AMFP is computationally simple, physically transparent and reliable for the study of thermodynamic properties in the high pressure and high temperature environment. Recently, Sun et al. prove that the AMFP is an analytic approximation of the free volume theory (FVT) [22] . The FVT is a mean field approximation to the thermal contribution of atoms to the Helmholtz free energy of crystalline phases. It is more valuable to directly use the strict FVT than the approximate AMFP in the cases where the analytic equation of state can be derived based on the strict FVT. Nevertheless, in some cases the mean-field integral and the equation of state for the strict FVT are fairly complicated or cannot be analytically derived. Then it is convenient to develop the simple analytic equation of state through the AMFP, whereas the complete FVT fails. The AMFP has been applied to solid C 60 by using the Girifalco potential [23] by Sun et al. [24] , the numerical results are in good agreement with the molecular dynamics (MD) simu- lations [25, 26] and superior to the CUST of Zubov et al. [27, 28] . This verifies the AMFP is a convenient approach to consider the anharmonic effects at high temperature. We hope that this work will help to further an understanding of the thermodynamic properties of Zr and it is expected to benefit the developments of this material for industry. The rest of this work is organized as follows. In Sec. 2, we derive the analytic equation of state based on the AMFP approach. In Sec. 3, the parameters of the Morse potential are determined by fitting the experimental compression data of the three phases of Zr. The pressure dependence of the molar volume of the three phases of Zr at room temperature are calculated by using the AMFP approach. Furthermore, the variation relationship of free energy and internal energy versus the molar volume of α, β and ω Zr at various temperatures are predicted and the dependence of the bulk modulus, the thermal expansion coefficient and the isochoric heat capacity of α, β and ω Zr on temperature at zero pressure are calculated by using the analytic mean field approach (AMFP). In Sec. 4, the conclusion is presented.
Analytic equation of state
In terms of the FVT, the free energy can be expressed as [29] [30] [31] [32] 
where µ is mass of Zr atom, is the nearest-neighbor distance, is the free volume,
is the largest displacement, and approximates to the Wigner-Seitz radius. = 3 3 4πγ 1/3 ≈ /2. To obtain an analytic approximation to the EOS, we propose the Einstein model. It must be pointed out that, except at very low temperatures, no significant improvement is gained by using the Debye model [33] . F N T is the quantum modification, so by using the Einstein model, we have
where F is the quantum harmonic free energy of the solid, E ( ) is the static energy of a molecule,
The two parameters λ 1 and λ 2 describe the decrease of potential as the distance increases, ε 0 is the well depth, is the reduced volume
0 is the equilibrium distance, γ is structural constant, structure values for fcc have been given in Ref. 34 , and γ = √ 2. The volume of the fcc solid is V = N 3 /γ. The structure of Zr is not fcc and the different phases have different crystal structure, i.e., the structure constant should take different values for different phases. However, (4) by fitting the experimental data of the pressure dependence of the molar volume [35] . (2) is the potential energy of a molecule as it roams from the center to a distance . In terms of the AMFP approach [16] [17] [18] [19] [20] [21] [22] , ( V ) can be expressed by the static energy E ( ) of a molecule,
In order to consider the quantum effect, we develop ( V ) into the quadratic function in the equilibrium position.
In terms of Eq. (8), the frequency of harmonic vibration ω and Einstein temperature Θ E can be determined as
And the Grüneisen parameter can be derived as
= − 1 6
For simplicity, we introduce the dimensionless reduced free volume¯ , and reduced radial coordinate as follows
The reduced free volume¯ and its derivatives with respect to temperature and reduced volume can be expressed as
Here ( ) ≡ ( V ), combining Eqs. (4,7,11), we have
The compressibility factor can be derived as 
where P is the cold pressure, P is the thermal pressure deduced from free volume. The internal energy can be derived as
Where the first term represents the ideal gas, and the second, third and fourth terms represent the contribution of cold energy, the contribution of the free volume and the quantum modification, respectively.
By using the above equations, all other thermodynamic quantities can be analytically derived. The derivations are straightforward. However, the expressions for thermal expansion coefficient, compressibility coefficient and isochoric heat capacity are redundant. These quantities would be calculated by using numerical differentiation instead of the analytic expressions. The compressibility factor can be seen as function of variables and T , Z = Z ( T ). In terms of the function, the formulae for the thermal expansion coefficient, compressibility coefficient and isochoric heat capacity can be reduced to following form
In our calculations, it is found that following steps for the numerical differentiations in Eqs. (24) (25) (26) can reach stable numerical results, ∆T = 0 00001 × T and ∆ = 0 00001 × . The volumetric thermal expansion coefficient of α Zr derived by Zhao et al. [35] is as follows,
Results and discussion
In this section, we apply the above formalism to the three phases of Zr solid. We determine the parameters for the Morse potential in Eq. (4) by fitting the experimental data of the pressure dependence of the molar volume of the three phases of Zr [35] . From the Eq. (4) one can see that our model includes four parameters, the well depth ε 0 , the equilibrium distance 0 (or the equilibrium volume V 0 ), and the parameter λ 1 and λ 2 . The values of parameters are listed in Table 1 .
The calculated compression curves of α, β and ω Zr are compared with the available experimental data in Fig. 1 . The figure shows that our results are in fairly good agreement with the experimental data at room temperature. Thus, this also suggests that the AMFP is a useful approach to study the thermodynamic properties of Zr. One can see from Fig. 1 that the volume of Zr decreases with the pressure increasing when the temperature is changeless and the volume of Zr increases with the temperature increasing when the pressure is changeless.
The calculated free energy and internal energy as functions of the molar volume of α , β and ω Zr at various temperatures are shown in Fig. 2 and Fig. 3 , respectively. From these figures one can see that both the free energy and internal energy are a decreasing function of the molar volume and the two physical quantities have the same variation tendency as the molar volume increase at four different temperatures. On the other hand, the two figures also show that the free energy and internal energy elevate with the increasing temperature, and the values of both physical quantities are negative and quite small, which suggests that the interatomic interaction of Zr is very weak. At the same time, the interaction increases with the volume increasing at high pressure region and approaches to a flat at low pressure region under the condition of the fixed temperature.
The dependence of the bulk modulus, the thermal expansion coefficient and the heat capacity of α, β and ω Zr on temperature at zero pressure from theoretical calculation in this work are plotted in Fig. 4, Fig. 5 and Fig. 6 , respectively. From Fig. 4 it can be found that the bulk modulus of Zr decreases slowly with the increasing temperature at zero pressure. At the same time, under the condition of constant temperature, the largest bulk modulus of the three phases is α Zr, the next is ω Zr then β Zr. This suggests that the greatest hardness of the three phases is α Zr, the next is ω Zr then β Zr. Fig. 5 compares our predictions of the thermal expansion coefficient versus temperature with values calculated using Eq. (27) . The agreement between our predictions and values calculated using Eq. (27) is fairly good as expected at low temperature, but at high temperature our model tends to exhibit positive deviations. This phenomenon is often observed for the most current EOSs, the deviations observed at high temperature confirm the fact that the thermal pressure is not a strictly linear function of temperature above the Debye temperature. Furthermore, the isochoric heat capacity increases with the temperature increasing.
Conclusion
In summary, the AMFP approach has been applied to α, β and ω Zr. The analytic expressions for the Helmholtz free energy, internal energy and equation of state have been derived. By fitting the experimental compression data of the three phases of Zr, we determined the parameters for the Morse potential and calculated the pressure dependence of the molar volume of the three phases of Zr by using the AMFP approach. The results obtained are in fairly good agreement with the available experimental data. This suggests that the AMFP is a very useful approach to study the thermodynamic properties of Zr. Additionally, we predict the variation tendency of compression curves at high temperature. Furthermore, the variation relationship of free energy and internal energy versus the molar volume of α, β and ω Zr at various temperatures have been predicted and the dependence of the bulk modulus, the thermal expansion coefficient and the heat capacity at constant volume of α, β and ω Zr on temperature at zero pressure have been calculated by using the formalism developed in this paper.
